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O 1 Abstract 

(N ; 

_ . | This is the first of two papers on vertex Poisson algebras associated with 

Courant algebroids, and their deformations. In this work, we study relationships 
| between vertex Poisson algebras and Courant algebroids. For any N-graded 

■ vertex Poisson algebra A = IItign^(«)' we show that is a Courant ^.(o)- 

algebroid. On the other hand, for any Courant .A-algebroid £>, we construct an 
N-graded vertex Poisson algebra A = U„eN^(n) such that A( ) is A and the 
"^h ' Courant „4-algebroid Aid is isomorphic to B as a Courant „4-algebroid. 

^ ■ 1 Introduction 

I; 

category of vertex algebras. It is a combination of a commutative vertex algebra 
structure (or equivalently a differential algebra structure) and a vertex Lie alge- 
bra structure with a natural compatibility condition (see |BeD| IFB] ). In fact, one 
[ may consider vertex Poisson algebras as the classical limit of vertex algebras (see 

|BeDllFB] b Important feat ures of the formalism of vertex Poisson algebras can be 
traced back to the work of I.M. Gelfand, L.A. Dickey and others on the Hamilto- 
nian structure of integrable hierarchies of solition equations (see jDij ) . They play a 
prominent role in the study of certain connections between the classical and quan- 
tum Drinfeld-Sokolov reductions (see |FB| Chapter 15). They also play a crucial role 
in the study of generating subspaces of vertex algebras with a certain property anal- 
ogous to the well known Poincare-Birkhoff-Witt spanning property (see |Li21 ILi3j 
and references their in). 

Courant algebroids first appeared in the work of T. Courant on Dirac structures 
on manifolds (see |Coj ). They were later studied by Liu, Weinstein, and Xu who 
used Courant algebroids to generalize the notion of the Drienfeld double to Lie 
bialgebroids (see |LiuWXj ) . One can think of a Courant algebroid as a certain 
kind of algebroid for which the condition of antisymmetricity, the Leibniz rule and 
the Jacobi identity for the bracket are all relaxed in certain ways. Examples of 
Courant algebroids are the doubles of Lie bialgebras and the bundle TM(BT*M. (see 
|LiuXl IUo| ) . Courant algebroids play an important role in the study of dynamical 
r-matrices (see |LiuXj ). Also, it was shown in jRoWj that Courant algebroids can be 
viewed as strongly homotopy Lie algebras. Furthermore, Courant algebroids have a 
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close connection to gerbs (see |BrC| ) and play a significant role in the study of the 
theory of vertex algebroids (see |Br ). 

The purpose of this paper is to study relationships between Courant algebroids 
and N-graded vertex Poisson algebras. Precisely, we show that one can obtain 
Courant algebroids from N-graded vertex Poisson algebras and vice versa. For an 
N-graded vertex Poisson algebra A = UneN^(n)' * ne homogeneous subspace A/ ) is 
a unital commutative associative algebra and the homogeneous subspace Am is a 
module of an associative algebra A(q\. Moreover, the skew symmetry and the half 
commutator formula of a vertex Poisson algebra give rise to several compatibility 
relations. These structures on Am\ © Am are summarized in the notion of what was 
called a 1-truncated conformal algebra. By using skew symmetry and the fact that 
a family of bilinear operations 

i : A ®c A—* A, a ® b *— > aft 

are derivations of the commutative product on A, we show that Am is, in fact, a 
Courant A( )-algebroid. On the other hand, for a given Courant A-algebroid B, we 
construct an N-graded vertex Poisson algebra A = U neN Ar n \ with Am\ = A and 
the homogeneous subspace Am isomorphic to B as a Courant algebroid. For a given 
1-truncated conformal algebra AffiB over C, we set C(AffiB) = C[V] <g) (A©B) where 
P is a formal variable. We use the fact that A©B is a 1-truncated conformal algebra 
to show that a certain quotient space Cm of C(A © B) is a vertex Lie algebra. It was 
shown in |Li2j that a symmetric algebra of a vertex Lie algebra is a vertex Poisson 
algebra. Applying this result to Cm, we then obtain a vertex Poisson algebra S(C®). 
In fact, S(Cm) is an N-graded vertex Poisson algebra whose degree- zero subspace 
is 5(A) and whose degree-one subspace is 5(A) ■ B. Here, 5(A) is the symmetric 
algebra over the space A. For any Courant A-algebroid B, A © B is a 1-truncated 
conformal algebra. Hence, S{Cq) is an N-graded vertex Poisson algebra. By using 
the fact that B is a Courant A-algebroid, we can show that a certain quotient space 
5g of S{Cb) is an N-graded vertex Poisson algebra whose the degree- zero subspace 
is A and the degree-one subspace is isomorphic to B as a Courant A-algebroid. 

This paper is organized as follows: In section 2 we recall notions of vertex Lie 
algebras, and vertex Poisson algebras. In section 3, we review the notions of 1- 
truncated conformal algebras and Courant A-algebroids, and we construct Courant 
algebroids from N-graded vertex Poisson algebras. In section 4, we construct an N- 
graded vertex Poisson algebra from any 1-truncated conformal algebra. In section 
5, for any Courant A-algebroid B, we construct an N-graded vertex Poisson algebra 
whose degree-zero subspace is A and degree-one subspace is isomorphic to B as a 
Courant A-algebroid. 

We use here the standard formal variable notations and conventions as defined 
in |FHL| iLLij . Also, we use a notation N for the set of nonnegative integers. 

2 Vertex Lie algebras, and vertex Poisson algebras 

In this section we review the definitions of vertex Lie algebras and vertex Poisson 
algebras, as well as their properties that will be used in later sections. 
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Let W be a vector space. Following [P | ILi2j . for a formal series 
f( Xl ,...,x n )= u(m 1 ,.. n m n )x^- l ...x- m "- 1 eW[[xf\...,xt\ 



mi,...,m n & 

we define 



Sing f(x 1 ,...,x n ) = ^ u(mi, m n )x 1 mi 1 ...x 



mi— 1 „,— mn— 1 
n 



mi,...,m„eN 

For 1 < i < n, we have 

-^—Sing f(x 1 ,...,x n ) = Sing —f(x 1 ,...,x n ). (2.1) 

For any nonempty subset S = of {l,...,n}, a formal series f(xi,...,x n ) 

can be viewed as a formal series f(xi 1 , £j fc ) in variables x% x , ...,Xi k with coefficients 
in the vector space V[[xf l \j £S}]. We define 

Sing Xhr .. jXik f(x 1 ,...,x n ) = Sing f(x h ,...,x ik ). (2.2) 

Hence, 

Sing Xl f(xi,...,x n )= u(m, m 2 , m n )x ] _m ~ 1 2; 2 _m2_1 ...x~ mn " 1 

mgN,m2,...,m n £Z 

and 



5mg f(xi,...,x n ) = Sing Xl ...Sing Xn f(xi,...x n ). 

Proposition 2.1. Let W be a vector space and let B 6 W((zi, x n )), M G 
(Endiy)[[xi,...,x n ]]. T/ien 

Sm^ (M • Sing (B)) = Sing (MB). 

Next, we recall the notions of vertex Lie algebra and vertex Poisson algebra. 

Definition 2.2. ^3 IS' A vertex Lie algebra is a vector space A equipped with a 
linear operator d and a linear map 

Y-:A -> Horn (A, x^Alx' 1 ]) 

a i— > Y„(a, x) = a n x~ n_1 (where a n £ End A) 

raGN 

such that the following axioms hold for a, b S A: 

a n b = for n sufficiently large; (2-3) 

Y_(da,x) = — y_(a,x); (2.4) 
dx 

Y^(a,x)b = Sing(e xd Y_(b, -x)a); (2.5) 

[Y^(a,x 1 ),Y.(b,x 2 )} = Sing(Y^(a,x 1 - x 2 )b,x 2 )). (2.6) 

Following IP]/ , we call \2. b]) the half commutator formula. 
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Remark 2.3. In terms of components, j#.^| )-| TO)) are equivalent to 

(da) n b = -na n ^ib, (2.7) 
a n b = J2(-lT +t+1 ^d l b n+l a, (2.8) 



j>0 

m / \ 

a m b n c - b n a m c = ^ ( ■ ) ( a ^)m+n-iC, (2.9) 

/or a, 6, c G A,m,n G N. 

Remark 2.4. ^4m/ vertex algebra is a vertex Lie algebra with d = V. (See appendix 
for the definition of a vertex algebra.) 

Proposition 2.5. |2J/ For a G A, [<9, F_(a, x)] = ^y_(a,j;) =Y_(da,x). 

Proposition 2.6. /Liiy Lei A be a vector space equipped with a linear operator d 
and equipped with a linear map 

Y-:A -> Horn (A, x~ 1 A[x~ 1 ]) 

a h-> Y„(a,x) (2.10) 

such that the following conditions hold for all a, b G A: 

[d,Y-(a,x)] = ^-Y-(a,x), 
ax 

y_(a,x)6 = Sing(e xd Y„(b, -x)a). 

Then the half commutator formula for an ordered triple (a, b, c) implies the half 
commutator formula for any permutation of (a, b, c). 

A differential algebra is a commutative associative algebra A with the identity 1 
equipped with a derivation d. We often denote the differential algebra by (A, d). A 
subset U of A generates A as a differential algebra if d n U for n G N generate A as 
an algebra. 

Definition 2.7. ' L FB1 A vertex Poisson algebra is a differential algebra (A, d) equipped 
with a vertex Lie algebra structure (Y_,d) (with the same operator d) such that for 
a, b, c G A, 

Y-(a,x)(bc) = (Y_(a,x)b)c + b(Y^(a,x)c). (2.11) 
Remark 2.8. In terms of components, \2.11\) is equivalent to 

a n (bc) = (a n b)c + b{a n c) for a,b,c G A,n G N. ( 2 -12) 
Here Y_(a,x) = J2neN a n x~ n ~ l . 
Corollary 2.9. For a G A, n G N, 

1. a n is derivation of A, and 
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2. y_(a,x)l = 0, and YL(l,s)a = 0. 

Proof. The second part of 2. follows from the first part of 2., and (|2.5|) . □ 

A vertex algebra is called commutative if [X(it, x{),Y(v, X2)] = for all u,v EV. 
(See appendix for the definition of a vertex algebra.) It was shown in |FHL| that a 
vertex algebra V is commutative if and only if u n v = for all u,ti£^,n£N. 

Proposition 2.10. \Bo\ \FB\ \Lil\/ If V is a commutative vertex algebra, then V is 
a commutative associative algebra with the product defined by 

u ■ v = U-\v for u,vEV (2-13) 

and with 1 as the identity element. Furthermore, the operator T> ofV is a derivation 
and Y(u, x)v = {e xV u)v for u, v E V. 

Conversely, for any differential algebra (A,d), (A,Y, 1) is a commutative vertex 
algebra where Y is defined by Y(a,x)b = (e x9 a)b for a,b E A. This give rise to a 
canonical isomorphism between the category of commutative vertex algebras and the 
category of differential algebras. Moreover, a vertex Poisson algebra structure on a 
vector space A consists of a commutative vertex algebra structure and a vertex Lie 
algebra structure with a compatibility condition. 

Definition 2.11. \Li2]/ A Z-graded vertex Poisson algebra is a vertex Poisson al- 
gebra A equipped with a ^-grading A = \J n€ i ^4( n ) such that A as an algebra is 
Z-graded and such that for a S Ar n \, n, r € Z, m G N 

&m^4(r) C A( r+n _ m _iy 

An N-graded vertex Poisson algebra is defined in the obvious way. 

Remark 2.12. Let A be anTL-graded (respectively, N-graded) vertex Poisson algebra. 
Then 

1. Am\ is a commutative associative algebra with the identity 1. 

2. For n G Z (respectively, n E~N), Ar n \ is an A^y module. 

3. d : A(q\ — > Am is a derivation when we consider Am\ as an algebra and An^ 
as an A^ymodule. 

Definition 2.13. ]Li2j An ideal of a vertex Poisson algebra A is an ideal I of A as 
an associative algebra such that 

dl c I 

a n I C I for a <E A,n G N. 

Corollary 2.14. JLiB/ 

1. By the half skew symmetry we have u n A C I for u G /, n G N. 



5 



2. Moreover, the quotient space A/ 1 has a natural vertex Poisson algebra struc- 
ture. 



Proposition 2.15. Let A be a vertex Poisson algebra, and let I be an ideal of A as 
an associative commutative algebra. Assume that dl C I and I is generated by W, 
that is I = AW. If a n w £ I for all a £ A,w £ W,n £ N, then I is an ideal of a 
vertex Poisson algebra A. 

Proof. Let a, a' £ A, w £ W, n £ N. By (JTT^J), we have 



Proposition 2.16. )Li2\ \FB^ Let R be a vector space equipped with a linear operator 
V and let Y_ be a linear map from R to Horn (R, x~ 1 R[x~ 1 ]). Denote by S(R) 
the symmetric algebra over R and we extend T> uniquely to a derivation of S(R). 
Then Y® extends to a vertex Poisson algebra structure Y- on (S(R),D) if and only 
if (R, T>, Y®) carries the structure of a vertex Lie algebra. Furthermore, such an 
extension is unique. 

3 From vertex Poisson algebras to Courant algebroids 

First, we review the notions of 1-truncated conformal algebras and Courant alge- 
broids. Also, we study the relations between these algebras. Next, we show that for 
an N-graded vertex Poisson algebra V = IJneN V( n ) > ^ ne homogeneous subspace Vrn 
is a Courant V"( )-algebroid. 

Definition 3.1. IGMSf A 1-truncated conformal algebra is a graded vector space 
C = Co ® C\, equipped with a linear map d : Cq — > C\ and bilinear operations 
(u, v) I— > mv for i = 0, 1 of degree — i — 1 on C = Cq © C\ such that the following 
axioms hold: 

(Derivation) for a £ Cq, u £ C\, 



a n [a!w) = (a n a')w + a'(a n w) £ I. 



It follows that I is an ideal. 



□ 



(da) = 0; (<9a)i 



ao; d(uQa) = uoda 



(3.1) 



(Commutativity) for a £ Cq, u, v £ C\, 



uoa = —aQu; uqv = — vqu + d{v\u)\ u\v = v\u 



(3.2) 



(Associativity) for a, /3, 7 £ Cq © C\, 



(3.3) 



Remark 3.2. 



1. Let A = U ngN ^4( n ) be an ^-graded vertex Lie algebra. By equations \2.T\) 
\2.fA) . we have that Acq\ © An', is a 1-truncated conformal algebra. 
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2. Consequently, for an N-graded vertex Poisson algebra A = \J ne ^A( n \, ^4.(0) © 
Ary\ is a 1 -truncated conformal algebra. 

A Leibniz algebra is a nonassociative algebra T satisfying the following condition: 

u ■ (v ■ w) = (u ■ v) ■ w + v ■ (u • w) for u,v,w G T. 

Any Lie algebra is a Leibniz algebra. In particular, for any vector space W the 
general linear Lie algebra fll(W) is a Leibniz algebra. A representation of Leibniz 
algebra T on a vector space W is a Leibniz algebra homomorphism p from V to 
Q l(W). 

Let A be a unital commutative associative algebra (over C). A Leibniz A- algebra 
is a Leibniz algebra T equipped with an ^4-module structure. A module for a Leibniz 
,4-algebra T is a vector space W equipped with T-module structure and an ^.-module 
structure. 

Proposition 3.3. ' L GM$ \LiY\l Let C = Co © C\ be a graded vector space (over 
C) equipped with a linear map d from Cq to C\ and equipped with bilinear maps 
(u, v) I— ► UiV of degree — i — 1 on C = Co © C\ for i = 0, 1. Then C is a 1-truncated 
conformal algebra if and only if 

1. The pair (Ci, [•, •]) carries the structure of a Leibniz algebra where [u, v] = uqv 
for u,v € C\. 

2. The space Co is a C\-module with u ■ a = uqo for u G Ci,a G Co- 

3. The map d is a C\-module homomorphism. 

4- The subspace 8Cq of C\ annihilates the C\-module Cq®C\. 

5. The bilinear map (•, •) from C\ © C\ to Cq defined by (u, v) = u%v for u,v G C\ 
is a C\-module homomorphism and furthermore 

u^a = —aou, (3-4) 

(da, u) = —aou, (3-5) 

[u,v] + [v,u] = d(u,v), (3.6) 

(u,v) = (v,u) (3.7) 

for a G Co, u, v G C\. 

Next, we state the definition of a Courant algebroid. We also study the relation- 
ship between Courant algebroids and 1-truncated conformal algebras. 



Definition 3.4. [Brl Let A be a unital commutative associative algebra over C. A 
Courant ^4-algebroid is an A-module B equipped with 

1. a structure of Leibniz algebra [ , ] : B ©c B — > B, 

2. a homomorphism of Leibniz A-algebras ir : B — > Der(A), 

3. a symmetric A-bilinear pairing ( , ) : B ©^ B — > A, 
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4- a derivation d : A — > B such that tt o d = which satisfy 

[u, av] = a[u, v] + ir(u)(a)v , (3-8) 

([u,v], w) + (v, [u,w]) = ir(u)(v,w), (3.9) 

[u,da]= d(ir(u)a), (3.10) 

{u,da} = n(u)a, (3-11) 

[u,v] + [v,u]=d({u,v)), (3.12) 

for a G A,u,v,w G £>. 
Corollary 3.5. 

1. 0(»4) annihilates A and B. 

2. ( , ) and 9 are B-module homomorphisms. 

Proof. For 1., since 7ro<9 = 0, it follows immediately that d(A) annihilates A. Next, 
we will show that d(A) annihilates B. Let a G A, u G B. By (|3.10j) - (|3,12|) . we have 

[9(a), u] = -[u,d(a)]+d((d(a),u}) = -0(vr(n)a) + 0(vr(n)a) = 0. 

2. follows immediately from (|3.9j) . (|3.1()j) . □ 

By the definition of a Courant algebroid, Proposition 13.31 and Corollary 13.51 we 
have the following. 

Proposition 3.6. Let A be a unital commutative associative algebra, and let B be 
an A-module. Let d : A — > B be a derivation. Then a Courant A-algebroid structure 
on B is exactly equivalent to a 1-truncated conformal algebra structure on C = A@B 
with 

did = 0, 

UoV = [u, v], u\v=(u,v), 
uoa = ir(u)(a), a$u = —uoa 

for a, a' G A, u, v G B, i = 0, 1 such that 

(au)oa f = a(uoa'), (3.13) 

{au)\v = a(u\v) = u\(av), (3-14) 

uo(av) = a(uov) + (uoa)v, (3.15) 

uo(aa') = a(noa') + (-uoa)a'. (3.16) 

Corollary 3.7. Let e be the identity of A. Then for u G B, u$e = 0. 

Proof. This follows immediately from (|3.16|) . □ 

Let (A = Yinel ^(n)> De an N-graded vertex Poisson algebra. By Remark l2.121 
we have is a commutative associative algebra with the identity 1 and Am is 
an j4(o)~ m °dule. Moreover, d : A^ — > Am is a derivation. By Remark 13.21 we also 
have that A^ © Am is a 1-truncated conformal algebra. 
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Theorem 3.8. Am is, in fact, a Courant A^-algebroid. 

Proof. By Proposition K-S.fl| it is enough to show that (|3.13JI - l|3.1fiJI hold on Ar \ ©4^ . 
Let a, a' G A( Q yu, v G A^y By (|2.12|) . we have 

uo(av) = a(uov) + (uoa)v, 
uo(aa') = (uoa)a + a(uoa ). 

Hence, (ETT511 . (j^TTo!) hold. 

Let a G A(ty,u,v G A m . By (|2~T2"|) . (321), we have 

iti(at>) = a(uiw), and 

(au)if = vi(au) = a(viu) = a{u\v). 

Therefore, (pTHj) holds. 

Next, we will show that (pTT3|) holds. Let a,a' G A^yu G A^y By (|2~H|) . [(2~T2"j) . 
(|3.2|) . we have 

(an)oa' = ^(-ly+^KM) 

i>0 

= —a' (au) 

= -{(a' a)u + a(a' u)} 

= —a(-uoa') 

= a(uoa'). 

Therefore, An\ is a Courant A( )-algebroid. □ 

4 Vertex Poisson algebras associated with 1-truncated 
conformal algebras 

In this section, we construct an N-graded vertex Poisson algebra from any 1-truncated 
conformal algebra. 

Let (A © B, d) be a 1-truncated conformal algebra. We set 

C(A©B) =C[V] (A SB), 

where D is a formal variable. We define subspaces C(A) and C(B) in the obvious 
way. Additionally, we consider A © B as a subspace of C(A © B) via the following 
map 

AffiB^C(AffiB), a + b^l®a + l®b. 
Also, we define a linear operator T> on C(A © B) by 

V(V n ®u) = V n+l <g> u for u G A © B, n G N, (4.1) 

and set 

£ = 1®0-X>®1:C(A)->C(A®B). (4.2) 
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Next, we define 

deg(V n <g) a) = n for a G A, n G N, 
deg(£> n ® 6) = n + 1 for 6 € B, n G N. 

Then C(A © B) becomes an N-graded vector space: 

C(A©B) = ]J C(A®B) (n) , 

where C(A)( ) = A, and for n > 1 

C(A©B) (n) = 23 n ®A®P n - 1 ®B 

= { V n ® a, P"" 1 ® 6 | a G A, 6 G B }. (4.3) 

The linear map d is a homogeneous of degree 1 and for n > 1, we have 

(0C(A)) (n) = { aCD™- 1 ® o) | a G A }. 

Moreover, X>(dC(A)) C dC(A). 
We define a linear map 

y°:C(A©B) -» Hom(C(A©B),x _1 C(A©B)[x- 1 ]) 

nGN 

in the following way: for a, a' G A, b, b' G B, u, v G A © B, n > 1, m G N, 

Y°(a,x)a' = 0, (4.4) 

y°(a,x)6 = a 6x" 1 , (4.5) 

y°(6,x)a = 6 a^\ (4.6) 

Y°(b, x)b' = bob'x" 1 + hb'x' 2 , (4.7) 

y°(«,x)e a;i ^ = e XlI V Xl ^Y°(«,xK (4.8) 

) Y°(v,-x)V n ©n) 

ax / 

Remark 4.1. Notice that is equivalent to 



(4.9) 



y°(n,x)P n ©t; = y ? n ' (-1)"-'PM F°(u 5 x> (4.10) 

(ra — zj'z' \dx J 

for u, v G AffiB, n G N. 

The following proposition will play an important role for the rest of this section. 



10 



Proposition 4.2. For a, a' G A, b, b' G IB, n G N, we /ioue 

Y°(a,x)V n ®a = (4.11) 
Y°{a,x)V n ®b = Y . n " - P n ~^ (ao&k -1 ^ (4.12) 

^- — ' In — 9, II 



i=0 v 

7! 



Y_(6,x)P n 0a = Y - — -V n - { {boajx- 1 -* (4.13) 



n 



Y°_(b,x)V n ®b' = V . re! - P"^ foEOaT 1 ^ 



i=0 

71+1 



(n — i)\ 



Proo/. It follows immediately from (|4*^|) - (|4~7)) . (gTTUJ). □ 
Next, we will show that (C(A B)/<9C(A), F°, £>) is a vertex Lie algebra. 

Proposition 4.3. T/ie subspace dC(A) of the nonassociative algebra C(A©B) is a 
2-sided ideal. 

Proof. First we show that for u G A B, a G A, m, n G N, 

Y°(P n 7j,x)d(P m 0a) G aT^CCAJtz -1 ]. 
Let a, a' G A, m G N, n > 1. By (EH), ^D}-0H3, we have 

Y°{a', x)d{V m a) = Y°(a', x) (V m ® 9(a) - P m+1 ® a) = 0, 



and 



y°(P n ®o',a;)a(I? m ®a) 

Y°(V n a', a) (P m 0(a) - P m+1 a) 



m+l 



-Sing(e xV ( ) Y°(a, -z)D n a') 



0. 
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Let a G A, b G B, m G N, n > 1. By (ErH-(ET2l. fO| . (HT2>(froi) . we have 

y°(6,x)a(p m ^a) 

= Y (b,x)V m ®d(a) -Y°(b,x)V m+1 ®a 

m | m+l . | 

= Y 1 m ' .^ V m ~ l ® ftoSCa)^- 1 - 4 + V zm - ® b x d{a)x- % - x 

^ (m-i)\ ^ (m - % + 1)! w 

m+l 



E / m t 1)! „ ^ +1 -* ® to*" 



„ (m + 1 — i 



m | m+l . | 

^(m-z) ^ (m-i + l)\ 

i=o K ' i=l K ' 

m+l , .,. 

- E /"It ) ;, pm+1-i ® (^)ite- 1 - 

771 + 1 — % ! 

i=0 K ' 

m I m | 

E —^—p^ ® ^(daU)^ 1 -' - V m - r +H (da)ifar 1 -* 

i=0 v ; i=0 v ; 

m , 



V t — (r- ® (0o)i&) x- 

' m — z ! 



1-i 



and 



y°(P n (g)6,x)9(P m (g)a) 

y°(P n ® b, x)V m ® d(a) - y°(P n ® 6, x)P m+1 ® a 

(j \ m 
--J-J y°(3(a),-x)P n ®6) 

-Sin^e^f-^J Y°(a,-x)V n ® 6) 

(j \ m " | 



i=0 
m n+1 



7 j=l 



7 i=0 v ; 
= 0. 

These imply that for u G A © 1, a G A, m, n G N, 

y°(P n (g)ti,x)a(P m (g)a) G x- 1 ^C7(A)[x- 1 ]. 
Next, we will show that for u G A © B, a G A, m, rt G N, 

7_°(9(D m ®a),i)D n 8«G x^^A)^ -1 ]. 
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Let a,a' G A, b G B, n G N. By (jSJ, fO| . ijOTTl . fO^ - fO^ . we have 
y°0(a),x)P n (g)a / = y^(d(a),x):D n <8a'- Y^a,^"®^ 
= -Sing(e xV (-^) Y*{a',-x)V®a) 



0, 



and 



Y°(d(l®a),x)V n ®b 
y°(l ® da, x)V n ® 6 - Y°(£> ® a, x)£> n ® 6 



8=0 



^{n-i + l)\ 



V 



n— i+1 



<g) (da)xbx 



-i-l 



(J \ 71 
-J- J F>,-x)D®o) 



n+l 



in! 



-i-l 



+Sing(e 

n+l 



^ (n-i + 1)! 



(2? ® ao^-x)" 1 + 1 (8) a 6(-x) -2 )) 



^ (n-i + 1)! 

i=l 



V 



,n— i+1 



i ao&z~ <-1 - (8) Oo^ -1 " 

i=o J ' 



-n+j 



n+l 



i=o ■>■ 

n+l 

-E 



f-' (n-i + 1)! 
i=i 

n+l 



>n— i+1 



> a bx i 1 - Yj 



TV. 



i=0 



(re — i)\ 



V 



,71— i+1 



<S> aobx 



-l-i 



i=0 



(re - i + 1)! 



0. 



Let a G A, 6 G B, n G N, m > 1. By (EnT)-(ET21). 03}, (|CT |l -({£T2 Ji . we have 
F°(9(H m ®a),i)D n 8a' = Y°(P m ® da, x)P n ® a' - Y(£> m+1 ® a, x)V n ® a' 

(7 \ 71 
~i) y0 ( a ''- x ) pm ® 5a ) 



0. 
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Since V{d{C(A)) C d(C(A)) and Y°(6, -x)d{C(A)) c x~ 1 B(C(A))[x~ 1 ], we have 

Y°(d(V m ®a),x)V n ®b 
= Y®{V m ®d{a),x)V n ®b-Y°{V m+1 ®a,x)V n ®b 

= Sing(e xV (~^) Y°(b, -x)V m ® 8(a)) 

-Sing(e xV (~^) Y°(b, -x)V m+1 ® a) 

= Sing(e xV (~^) Y°(b, -x)8(V m ® a)) G ^^(A))^- 1 ]. 

It follows that for u G A © B, a G A, m, n G N, we have 

y°0(P m © a), x)V n ®ue x^dCiA)^- 1 }. 

Hence, <9C(A) is a 2-sided ideal of C(A © B). □ 
Set 

C = C(AffiB)/aC(A). (4.15) 

Let p be a projection map: 

C(A © B) -> C; P n © u i-» P n ® u + dC{A). 

For u G A © B, n G N, we set £> n u = p(V n © u). 

By <|Q|) . (jO|) and (|4.15|) . we have the following. 

Proposition 4.4. For a G A, n G N, V n (da) = V n+1 a. Moreover, for n > 1, 

e {n) = {v n -\b) | 6gB}. 

Proposition 4.5. For uGA©B ; z>OnGN, UjC( n ) C C( n +dcgu-i-i)- 

Proof. This follows immediately from Propositions I4.2[I4..3I □ 

Next, we will show that (C,Y®,T>) is a vertex Lie algebra. 
Lemma 4.6. For it, v G A © B, n G N, we /iawe 



Proof. We first show that for u, u G A © B, 

Y°(u,x)v = Sing(e xV Y°(v,-x)u). 

Let a, a' G A, 6,6' G B. By (jg^) , (|Q |) -(|4?7 |l . and Proposition H~H we have 

y°(a,x)a' = = Smgfe^y^a'.-ija), 

y°(a,x)6 = O06X" 1 = -b ax~ l = Sing(e xV Y°(b, -x)a), 

Y°(b,x)a = boax- 1 = -a^bx' 1 = Sing(e xV Y°(a, -x)b), 
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and 



Sing(e xV Y°{b' , -x)b) 
Sing(e xV (-b'obx- 1 + &i&aT 2 )) 
-b' Q bx~ l + b\bx~ 2 + Vib'^x- 1 

U J,™— 1 i J,' J,™— 2 i q/l/ jA™— 1 



0/-2, „U/ 



= y^(6,x)6' 
These imply that for u, v E A © B, 

F°(u,x)v = 5m 5 (e^y°(u,-x)n). (4.16) 
Next, we show that for u, v E A © B, n > 1, 

z)Z> ft u = Sing(e xV (—f) y2(v,-x)u). 



dx 



Clearly, for all a, a' 6 A, n > 1, we have 



Y°(a, x)V n a' = = Sing(e xV ( ) F°(a', x)a). 



dx 

Let a € A, b € B, n > 1. By (gSJ), (l4~Tzl . we have 

= ^(e^r-^V&ooC-a:)- 1 ) 

n | 

z — 4 7 ; 



i=0 



^(n-i)! 



1-i 



= y°(a,x)P n 6. 

Similarly, we have 



j \ n 

Y°(b,x)V n a = Sing{e xV ( -— J Y°{a,-x)b). 



15 



Let b,b' G B, n > 1. By (JS2J), (jd), (l4~T4l . and Proposition US we have 
= Sin^e* 23 {6o 6'(_ x )-i + bl6 '(_ x )-2 }) 

i=0 ' i=0 
n ( n+1 , , -I \ | 

i=0 ' i=0 % ' 

n | n+1 / , -i \| 

= j2 ^{v%b - v^Wx- 1 -^ + i — whb'x- 2 -^ 

i=0 l ' i=0 % ' 

n . n+1 , s . 

= Y°(b',x)V n b. 

Hence, we can conclude that Y®(u,x)V n v = Sing(e xV (—-^) n Y®(v,—x)u) for all 
u,v G Aei, n G N. □ 

Proposition 4.7. For u, u 6 A © B, n G N, 

[©, Y°(V n u, x)]e XlV v = ^-Y°(V n u, x)e x ' v v = Y°(V(V n u),x)e x ' v v. (4.17) 

ax 



Proof. We will follow the proof of Proposition 3.10 in |Li2j very closely. First we 
show that for u, v G A © B, n G N, 

[D.y^X^aOle^i; = ^-Y°(V n u,x)e XlV v. 

ax 

If we differentiate (|4.8|) with respect to x±, then we have 

Y°(u,x)Ve XlV v = Ve XlV e- xl ^Y%,x)v -e XlV ^-e- Xl ^Y^(u,x)v 

ax 

= VY°(u,x)e XlV v-^-Y°(u,x)e XlV v (by gm 
ax 



Hence, for u, u £ A 



[V, Y°(u, x)]e XlV v = —Y°(u, x)e xlV v. (4.18) 
ax 
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Let u, v G A © B, m G N, n > 1. By (jSTTjl . we have 



(7 \ m / 7 \ m+1 



^Sing(e xV (- 4~) ™ Y°(v, -x)V n u) 
dx \ ax ) 

-^-Y°(V n u,x)V m v. 

ax 



Hence, for u, v G A © B, n G N, [X>, y°(£> n u, x)]e* llJ v = £Y°(V n u, x)e 
Next, we will show that for u, v G A © B, n G N, 



i'. 



y°(P(P n n),a;)e a;i ^ = — Y°(V n u, x)e xlV v. 

ax 

By (HHH1), and Lemma ICT we have that for -a, v G A © B, n, m G N, 

-Jj y°(v,-x)p n+1 u) 

(i \ m 7 
—7-1 -x) + -^(v, -x)VD^/) 

ax / ax 

-Sing(e xV i~ J -x)D n «) 

d ^ . / ^T) Z' d ^ 
dx 

dx 

Therefore, for u, u G A © B, n G N, 



(7 \ m 
-—J y°(«,-x)P n n) 

y°(P n u,x)P m t;. 



[P,y°(P n n,x)]e a;i ^ = —Y°(V n u,x)e XlV v = Y°(V(V n u), x)e XlV v. 

ax 



□ 



Corollary 4.8. For any u G A © B, n G N, 

W(D n tt,i)e"* 11 ' = e Xl ^y°(P n n,x) = y°(e xlI, I> n «, x) = Y^{V n u, x + x x ). 
Corollary 4.9. For u G A © B, n > 1, 



0, if < i < n; 

(-i) n -(rrkyT^-n' */ * > n - 



(D n u) l -- 

Furthermore, we have ViCr n \ C C( n+m _ i _ 1 ) /or all v G C( m ), « G N. 
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Proof. It follows immediately from Proposition 14.51 and (|4.17jl . □ 
Corollary 4.10. For u, v G A B, n, m G N, 

Y°{V n u,x)V m v = Sing(e xV Y°{V m v,-x)V n u). 
Proof. It follows from Lemma (|4~3|) . (|4*T7|) . □ 
Proposition 4.11. For u, v G A © B, m, n G N, 

[^(D^,!!),^^!;,^)] = 5m 5 (y (y°(P n u,xi -x 2 )^ m «,x 2 )). 

Proof. We first show that for u,v,w G A © B, 

xi)y°(u, x 2 )w - Y°(v, x 2 )Y%u, Xl )w 
= Sing(Y®(Y®(u, x\ — x 2 )v, x 2 )w). 

By Proposition 12,61 it is enough to show that for u,v,w G A © B from an ordered 
basis of A © B with u < v < w, 

Y°(u, xi)Y°(v, x 2 )w - Y°(v, x 2 )Y°(u, xi)w 

(u, x\ — x 2 )v, x 2 )w). (4-19) 

Let {oj|i G 1} and {bj\j G J} be ordered bases of A and B, respectively. We assume 
that Gtj < bj for all i G I,j G J. Hence C = {aj,&j|i G /, j G J} is an ordered basis 
of A © B. Let u < v < w G C. We claim that 

Y°(u, xi)Y°(v, x 2 )w - Y°(v, x 2 )Y%u, Xl )w 
= Sing(e X2V Y^(w,-x 2 )Y°(u,x 1 -x 2 )v). (4.20) 

Case I: If u,v,w G A, by (|4,4|) all the three terms are straightly zero. 

Case II: If u, v G A, w G B, by (|4.4jl . (|4,5|) all the three terms are zero. 

Case III: Assume that u G A, v,w G B. By P~K fl - P~7j> . and (TT^ -lEOl). we have 

= Y°_(u, xij^owx^ 1 + «ira 2 2 ) — Y°_(v, x 2 )(uqwx^ 1 ) 



(itov)owa; 1 x 



2 ' 



and 



5m 5 (e :C2C y (u;,-a; 2 )y (n,xi - x 2 )u) 
Sing(e X2V w u Q v (-x 2 y 1 (xi - x 2 )^ 1 ) 



-wo«o^i lx 2 1 



Hence, (|4.20|) holds when -u G A, v , w G B. 
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Case IV: Assume that u,v,w E B. By (pTT |) -(pO |l . ljH) |) -(jl77 |) . and Proposition 
14.41 we have 

Y°(u, xi)Y°(v, x 2 )w - Y°(v, x 2 )Y°(u, Xl )w 

= Y®(u, X^^qWX^ 1 + VlWX^ 2 ) — Y®(v, X 2 ){uqWX^[ 1 + UlWXi 2 ) 
= UqVqWX^X^ 1 + UiVqWX^X^ 1 + UqV iWX^ 1 !^ 2 

—VqUqWX^ 1 X^ 1 — ViUqWX^X^ 2 ~ VqUiWX^X^ 1 
= {uqv)qWX^ 1 X2 1 — (fo^l^X^ 2 ^ 1 + (uqV )iWX± 1 X2 2 , 

and 

(li, X\ — X2)v) 

= Sing(e X2V (w uqv(-X2)~ 1 (xi - x^" 1 + u>iit(yu(— x 2 )~ 2 (iEi - x 2 ) -1 )) 
+Sing(e X2T> w u 1 v(-x 2 )~ 1 (xi - x 2 )~ 2 ) 

= —WqUqVX^X^ 1 + WiUoVX^ 1 ^ 2 + WiUqVX^X^ 1 + 5(wiUou)xf 1 X2 1 

= {uqv)qwx~ 1 1 X2 1 + (tio«)iU'x^ 1 X2 2 + ((uof)iu; — uiowi^x^x^ 1 

= (uow)o'WX^ 1 X2 1 + {uqv)\WX^ 1 X2 2 + (— (l>()1i)l^ + + («i v)qw)Xi 2 X, 

= {uqv)qWX^ 1 X^ 1 + (tiow)lU'X^ 1 X2 2 + ( — {vqU)\W — (viu)()W + (uiv)qw)x^ 2 X2 1 

= (lio^oWa^Xg 1 + (uov)iWX^ 1 X2 2 ~ (vQUjlWX^X^ ■ 

Hence, 1)4.20(1 holds when u,v,w £ B. 

Therefore, for u,v,w G C such that it < v < w, we have 

y°(u, xi)y°(w, x 2 )w-y (w, x 2 )y°(u, Xl )w = Sing(e X2V Y°(w, -x 2 )Y®(u, x x -x 2 )v). 

By Corollary 14. 101 and Proposition l2.il .we also have 

[Y°{u,x l ),Y {v,x 2 )}w = Sing{e X2V Sing{e' X2V Y°{Y°(u,xi-x 2 )v,x 2 )w) 

= Sing{Y°(Y°(u,x 1 -x 2 )v,x 2 )w) (4.21) 

for all u,v,w G C such that u < v < w. Moreover, ()4.21(l holds for all u, v £ A B. 
Next, we will show that for u, v 6 A © B, m, n E N, 

[y°(p n u,xi),y°(p m 7;,x 2 )] = < Sm 5 (y°(y°(p n u,xi -x 2 )p"yx 2 )). 

We will follow the last part of the proof of Theorem 3.6 in |Li2j . Let «,«gA®B, 
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By Corollary 14.81 we have 



[Y°(e zlT) u, si), r°(e 2223 u, z^)]^™ 
e 2 i 3§r e * 2 a% [yO( U) xi), Y"°(v, x 2 )]e z7? u; 



= e {zi ~ z) ^e {z2 ~ z) ^e zV [Y (u,x 1 ),Y°( y v,X2)}w 

= e {zi ~ z) ^e (z2 ~ z) ^e zV Sing{Y {Y Q {u, x x - x 2 )v, x 2 )w) 

= e {zi ~ z) ^ e (z2 ~ z) ^ Sing XltX2 {Y Q (Y Q {u, Xl - x 2 )v,x 2 + z)e zV w) 

= Sing XljX2 (Y®(Y®(u,xi - x 2 + Z\ - z 2 )v,x 2 + z 2 )e zV w) 

= Sing XuX2 (Y°(Y°(e^' z ^ v u,x 1 - x 2 )v,x 2 + z 2 )e zV w) 

= Sing XljX2 (Y°(e- Z2V Y°(e^ v u,xi - x 2 )e z * v v,x 2 + z 2 )e zV w) 

= Sing xl , X2 Y°(Y (e z ^u, Xl - x 2 )e z * v v, x 2 )e zV w). 

Hence, [Y°(V n u, xi), Y^(V m v, x 2 )\ = Sing(Y®(Y®(V n u, x x - x 2 )V m v, x 2 ). □ 

Theorem 4.12. (C,Y®,T>) is a vertex Lie algebra. Moreover, S(C) is a vertex 
Poisson algebra. In particular, Y2. extend to a vertex Poisson algebra structure Y_ 
on S(C) in the following way. First for u G C, we define a unique element 

Y°{u,x) G x- 1 (DerS(C))[[x- 1 ]] 

by _ 

Y®(u, x)v = F° (u, x)v for u,v G C. 

For a G S(C), we define 

F_(a,x) G x- 1 (Der5(C))[[a;- 1 ]] 

by _ 

F_(a,s)u = Sing(e xV Y®(u, -x)a) for u G C. 

Proof. It follows from Proposition ^3 Corollary I4.1U1 Proposition 14. Ill Proposition 
I2.16( and Proposition 3.7 in |Li2j . □ 

Corollary 4.13. Let u G C. We have Y-(u,x)v = Y®(u,x)v for all v G C. Further- 
more, Y_(u,x)a = Y®(u,x)a for all a G S(C). 

Since C is an N-graded vector space, it implies that S(C) = LlngN S(C)( n ) is an 
N-graded vector space. By Corollary 14.91 Theorem 14. 121 and Corollary 14.131 we can 
conclude that: 

Lemma 4.14. For u G Cr m \, i G N, UiS{C)r n ) C S(C)( n -\-m~i-i)- Here U{ G 
DerS(C). 
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Theorem 4.15. (S(C),T>) is an N-graded vertex Poisson algebra. In particular, we 
have 5(C)(0) * s ^(A) and for n > 1, 

s (C)[n) 

= span c { V n i(bi)-V n2 (b2)-....-V n k(b k )-ai-...-ai \ aj G A, b{ G B, 
I G N, fc > 1, ni > ... > nk > 0, n\ + ... + + fc = n }. 

Here, 5(A) is i/ie symmetric algebra over the space A. 

Proof. First, we show that T>S{C)i n \ C 5(C)( n+1 ) for n G N. Clearly, for n € N, 
PC( n ) C C( n+ i). Since D is a derivation on 5(C), we can conclude immediately that 
VS{C) {n) c 5(C) (n+1) . 

Next, let o G 5(C) (n ), i G N. We will show that 

aj5(C)( r ) C 5(C) (r+n _j_i) for all r G N. 

Let r G N and let u G C( r ). By Corollary 14. 131 and Lemma 14.141 we have 

y_(a, x)u 

= Sing(e xV Y°„(u,-x)a) 

deg a+deg u—1 

= Sing{e xV ^ ^a(-x)^'- 1 ) 



3=0 

;a+dcgu-l j T)J- k 

E E(- 1 )^ 1 7-3iv^ a )- 

i=o fc=o u K) - 



-1-k 



Here, G Der 5(C). It implies that otjC( r ) C 5(C)( r+n _ i _ 1 ^. Since is a derivation 
on 5(C) and aiCi m ) C 5(C) ( m+ri _£_;n for all m G N, it follows that Oj5(C)( m ) C 
5(C)( m+n _j„ 1 ) for all m G N. Therefore, (5(C), Y_) is an N-graded vertex Poisson 
algebra. 

The second statement is clear. □ 



5 Vertex Poisson algebras associated with Courant al- 
gebroids 

In this section, we construct an N-graded vertex Poisson algebra 5(C)# = \J n £f$(S(C)js)( n ) 
associated with a Courant ^4-algebroid B. Also, we show that (5(C)e)(o) can be nat- 
urally identified with A as a commutative associative algebra and (5(C)e)(i) can be 
identified with B as a Courant ,4-algebroid. 

For the rest of this paper, we assume that A is a commutative associative algebra 
with the identity e and B is a Courant A-algebroid. By Proposition 13.61 A © B is a 
1-truncated conformal algebra such that for a, a' G A, u, v G B, 

(aujoa = a(-uoa'), (5-1) 

{au)\v = a(u\v) = u\{av), (5-2) 

uo(av) = a(uov) + (uoa)v, (5-3) 

uo(aa') = a(uoa!) + (uQa)a' . (5-4) 
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Furthermore, by Theorem 14. 151 we have an N-graded vertex Poisson algebra 5(C) = 
LIneN S(C)(n) associated with a 1-truncated conformal algebra A(B B. We denote a 
multiplication on 5(C) by Let 

Eq = span{ e — 1, a-a—aa' \ a, a £ A } C S(C)m\, (5.5) 
Ei = span{ a-b — ab \ a £ A, b£B } C 5(C)(1), (5-6) 
E = Eq ®£iC 5(C). (5.7) 

Lemma 5.1. For u £ A(B B, n £ N, we have u n E C E. Moreover, T>Eq C E\. 

Proof. We first show that for u £ A@B, n£N, 

u n Eo C Eq. 

For a £ A, n £ N, we have a n Eo = 0. Similarly, for b £ B, n > 1, we have b n E§ = 0. 
Let b £ B. By Corollary Ell Corollary E3 and (J53J, we have 

6 (e-l) = 

and 

b$(a • a' — aa!) 
= a ■ bo(a) + bo(a) ■ a' — (boa)a' — a(boa') 
= (a • (boa 1 ) — a(boa')) + ((boa) ■ a — (boa)a) £ Eq. 

for all a, a' £ A. Therefore, for u £ A B, n £ N, u n Eo C Eq. 

Next, we show that for u £ A © B, n £ N, u n £i C £. Clearly, for a £ A, b £ B, 
m > 1, n > 2, we have 

a m £i C .Ei, and 6 n £i C 
Let a', a £ A, b £ B. By (|^2|) . (|5~T|) . we have 

ag(a • 6 — afr) 
= a Q (a) ■ b + a • ag(^) + ( a ^)o«' 
= a ■ a (£>) + a(boa') 
= a ■ (a' b) — a(a' b) £ Eq. 

Hence, 

a n Ei C £ for all a £ A, n £ N. 
Let a £ A, u,b £ B. By (|5~2)) . (fS~3)) . we have 

uo(a ■ b — ab) = (uoa) ■ b + a ■ (uob) — a(uob) — (uoa)b £ E\, 

and 

u\(a - b — ab) = (u\a) ■ b + a ■ (uib) — u\(ab) = a ■ u\{b) — a(u\b) £ Eq. 
It follows that for b £ B, n £ N, b„E 1 C E. 
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Next, we show that T>Eq C E\. By Proposition 14.41 we have that 

V(e -l) = Ve = 0(e) = G E x . 

Let a, a' G A. By Propositon l4.4[ and the fact that V is a derivation on 5(C) and 5 
is a derivation from *4 to B, we have 

P(a • a' — aa) 
= a • (Va') + (Pa) • a - V(aa!) 
= a ■ d{a!) + d(a) • a' - d(aa') 
= a • d(a') + a • d(a) - ad(a') - a'd(a) G E 1 . 

Therefore, VE C E x . □ 

For a subset U of 5(C), we set 

C[P](17) = span{ £> m (ii) | uEU, m G N }. 

Define 

/ B = S(C).C[D](E)c5(C), 
an ideal of a commutative associative algebra 5(C). 

Lemma 5.2. Ig is an ideal of a vertex Poisson algebra 5(C). Moreover, 

S '(C)(0) = (-fe)(o) ©-4 and, 
5(C) (1) = (/ B ) (1) ffiE. 

Proo/. Since P is a derivation on 5(C) and £>(C [£>](£)) C C[X>](JS), it follows that 

VI B C I B . (5.8) 

Let v £ A(& B, and u £ E. We claim that for m G N, 

ViV m (u) G C[£>](£) for all » G N. 

We prove this by an induction on m. For the case when m = 0, it follows immediately 
from Lemma 15.11 Recall that for i £ N, [P,fi] = — Wj-i (see Proposition 12. 5|) . We 
now assume that for n < m, v{D n (u) G C[2?](.E) for all i G N. Observe that 

Vi V m (u) = V Vi V m -\u) + ivi^V^iu). 

By an induction hypothesis, we conclude that ViT> m (u) G C[D](E) for all i £ N. 
Therefore, for m G N, 

^P m (u) G C[2?](£) for all t G N. (5.9) 

Next, we show that for v G A © B, i G N, t>i/ e C Let v G A © # and i G N. 
By (l2~T2l . we have that for a G 5(C), u G m G N, 

«i(a • V m u) = a ■ Vi{V m u) + Vi {a) ■ V m u G I B - 



23 



This implies that for v G A © B, i G N, 

vJb c I b . (5.10) 
Next, we will show that for a G 5(C), w 6 Jg, i G N, 

aiW G J B . 

By (|2~3Jl . (|5~%1) . (|5~TU1) . we have that for w G I B , t> G .A © £, i G N, 

G Ib. 

Furthermore, by (j5.10j) . Corollary I4.9[ (j2,8j) . and 1)5.8(1 . we conclude that 

(V m v)iW G / B , and Wi (V m v) G J B 
for all v G .4 © £>, u> G 1^, i G N, and m > 1. Hence, for u; G Ib, i G N, 

WiC C 

Let u; G Ig, i G N. Since tfj is a derivation on 5(C) and WiC C Ig, it follows that 

WiS(C) C J B . (5.11) 

Hence, by (|2.8|) . I|5.8|) . (j5.11j) . we can conclude that for a G 5(C), G fe, i G M, 
a>iW G an d is is an ideal of 5(C) as a vertex Poisson algebra. 

Next, we will show that 5(C)(0) = (^b)(o) ©"4 an d & (C)(1) = (-fe)fi) ©^- Clearly, 

(/ B )(o) = S(A)E and (J B ) (1) = S(A)VE + 5(„4) • B ■ E + 5(A) • E x . 

By Lemma |5~T1 we have S(A)T>Eq C 5(A) • E\. Since £> is an A-module, it implies 
that for a, a' & A, b £ B 

b • (a ■ a') — b ■ (aa') 
= (a ■ a') ■ b — (aa') ■ b 
= a - (a' -b) - a- (a'b) + a ■ (a'b) - (aa 1 ) ■ b 
= a - (a' -b) - a- (a'b) + a ■ (a'b) - (aa') ■ b + (aa')b - (aa')b 
= a -(a' • 6) - a • (a'b) + a • (a'b) - (aa') • b + (aa')b - a(a'b) G S(A) ■ Ex. 

Therefore, 

S(A) -B-E C S(A) ■ E^ and (I B ) {1) = S(A) ■ E x . 
Moreover, we have 

5(C) ( o) =S(A)= A®(I B )(o), 

and 

S(C) {1) = S(A)-B = B@(Ib) { i)- 

□ 
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Set 

S(C) B = S{C)/I B , 
an N-graded vertex Poisson algebra. 

Theorem 5.3. Let B be a Courant A-algebroid and let S(C) B = UneN (S(C) B )^ ^ e 
the associated N-graded vertex Poisson algebra. We have that (S(C)b)m\ = A and 
(S(C)b)^ = B. Moreover, for any n > 1, 

(S(C B )) [n) = span{ V n ^b 1 )-V n2 (b 2 )-...-V^(b k ) 

bi £ B, n\ > ... > rifc > 0, k > 1, n\ + ... + + k ■ 

Proof. By Lemma E3 we have (S(C) B )^ = A and [S(C)b){\) = For a subset U 
of S(C)b, we set 

C[V)U = Span{ V m (u) \ u G U, m G N }. 

We will show that 



]\(S(C) B ) {n) = S(C[V]B) - C[V]B. 



n>l 

Here, S(C[D]B) is a symmetric algebra over the space C [£>]#. By Theorem 14.151 it 
is enough to show that (C[V]B) -AcC[V]B. Clearly, for a G A, b G B, we have 

b-a = a- b = ab + a- b — ab = ab € B. 

Recall that for u,v £ S(C) B , n G N, we have 



V n {u -v) = J2 • vn ~\v). 



i=0 

Let a £ A, b £ B, n > 1. By Proposition 14. 4| we have 

{V n b)-a = V n {a-b)-^(^\v i {a)-V n '\b) 

i=i ^ l ' 

= V n (ab) - ( n )w-Hd(a)) ■ V n ~\b). 
i=i ^ ' 

Therefore, for a G A, b G B and n G N, we have (V n b) ■ a G 5(C[Z>]B) • C[V]B. It 
follows that 

H(S(C) B ) {n) = S(C[V]B) - C[V]B. 

n>l 

□ 
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6 Appendix 



Definition 6.1. [LLij A vertex algebra is a vector space V equipped with a linear 
map 

Y:V -» (EndFMfoaT 1 ]], 

v i— > Y(v,x) = ' S ^v n x~~ n ~ 1 (where v n € End V) (6-1) 

neZ 

and equipped with a distinguished vector 1, called the vacuum (vector), such that for 
u, v € V, 

u n v = for n sufficiently large, (6-2) 
Y(l,x) = l, (6.3) 
Y(v,x)l e V[[x]] and 1imY(v,x)l = v (6.4) 

x— >0 



and 



^ / xi — X2 \ Xl }Y(u X2 ) _ x l£ ( ^ — ^1 j y( v x 2 )y(u, xi) 
= x^6 (^f^j Y(Y(u, x )v, x 2 ) (6.5) 



the Jacobi identity. 
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